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For mathematical convenience initial data sets in numerical relativity are often taken to be con-
formally flat. Employing the dual-foliation formalism, we investigate the physical consequences of
this assumption. Working within a large class of asymptotically flat spacetimes we show that the
ADM linear momentum is governed by the leading Lorentz part of a boost even in the presence of
supertranslation-like terms. Following up, we find that in spacetimes that are asymptotically flat,
and admit spatial slices with vanishing linear momentum that are sufficiently close to conformal
flatness, any boosted slice can not be conformally flat. Consequently there are no conformally flat
boosted slices of the Schwarzschild spacetime. This confirms the previously anticipated explanation
for the presence of junk-radiation in Brandt-Bru¨gmann puncture data.
I. INTRODUCTION
The construction of initial data for the Cauchy problem
in General Relativity (GR) relies on the one hand upon a
suitable formulation of the constraints, and on the other
on a suitable choice for the given data within this formu-
lation. The former serves to provide a theoretical frame-
work in which data can be constructed, while the latter
encodes modeling choices of the physics under consider-
ation. Ideally this framework will allow for a straight-
forward proof that data of physical interest exists, and
for the required given data to be easily interpreted. In
numerical relativity the most popular approach to solve
the constraints is to make use of the York-Lichnerowicz
conformal transverse traceless decomposition [1–3] plus
developments of the approach culminating in the ex-
tended conformal thin-sandwich equations [4–9]. In this
setting the constraints become a coupled nonlinear ellip-
tic system. A particularly popular choice is the puncture
data [10]. Other strategies include gluing [11, 12] and the
reformulation of the constraints as a hyperbolic evolution
system [13].
An important aspect in formulating the constraints is
the study of exact solutions or those with special prop-
erties as this helps to understand the physical nature
of the constructed data. This is the case for puncture
data, which is in some sense inspired by the form of
Schwarzschild in isotropic coordinates. In fact, in all
approaches employing a free conformal metric, it often
simplifies matters to make that metric flat. Simplifying
choices may however have unfortunate physical conse-
quences on the data being constructed. It is known, for
example, that the Kerr spacetime admits no spatial slice
which is conformally flat [14, 15]. Therefore the use of
this restriction, even in the construction of a single spin-
ning black hole, must result in data which corresponds
not to Kerr, but to some physical deformation thereof.
This deviation often appears as high-frequency gravita-
tional wave content, and is therefore referred to as junk-
radiation. Similar radiation is also observed in evolutions
of conformally flat initial data in which the black holes
have linear momentum. This feature becomes the crucial
stumbling block for highly boosted data [16, 17]. With
the expectation that the restriction to conformal flatness
was the cause of this problem, several practical [18] and
more sophisticated [19, 20] cures have been implemented.
Another strategy is to try and account for the physical
effect of the junk-radiation. In the recent paper [21], for
example, a fitting method is used to do so.
The relationship between linear momentum, confor-
mal flatness and junk-radiation has notably been stud-
ied in the literature by York [22–24], but usually with a
fixed background spacetime and a Taylor expansion in
the boost. Here, to avoid those simplifications, we em-
ploy the dual-foliation (DF) formalism [25–30] and con-
sider spacetimes which are asymptotically flat at spatial-
infinity. Properties of asymptotic charges, in particular
of the ADM 4-momentum are then examined under our
definitions. We then show that if there is a spatial slice
with vanishing ADM-momentum which is in some sense
close to conformal flatness, then no slice asymptotically
related to the first by a boost near spatial-infinity can
be conformally flat. Morally this result can be summa-
rized by saying that no slice of Schwarzschild with linear
momentum is conformally flat and therefore, in concor-
dance with the expectation mentioned above, conformal
flatness is a cause of junk-radiation in single black hole
spacetimes with linear momentum. This is presumably
also true in a more general context.
We begin in section II with an overview of the DF
formalism and the various definitions and asymptotics
that are assumed afterwards. We demonstrate that the
ADM 4-momentum is governed by the leading Lorentz
part of a boost even when supertranslation terms are
present. Section III contains the main argument that,
under refined assumptions on the asymptotics, boosted
slices can not be conformally flat. As a corollary we show
that axisymmetric slices of Kerr can not be conformally
flat. We conclude in section IV. Geometric units are used
throughout.
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2II. ASYMPTOTIC FLATNESS AND THE ADM
4-MOMENTUM
In this section we describe the DF formalism before
giving a relevant formulation of asymptotic-flatness at
spatial-infinity. We then define a change of coordinates
that preserves this notion of asymptotic flatness, and end
by discussing the transformation of the ADM energy-
momentum under changes of coordinates that asymptote
to Poincare´ transformations plus a supertranslation term
near spatial-infinity.
A. DF formalism overview
Given two families of observers, one associated with
upper case coordinates Xµ, the other with the lower
case xµ, spacetime will be described in two different but
related ways. The DF formalism [26] provides a means
to relate these two worldviews from a 3 + 1 perspective.
Throughout the paper, Latin indices a, b, c, d, e will be
abstract, underlined Greek indices denote the compo-
nents of tensors in the upper case coordinate tensor basis,
whereas plain Greek indices are used for the lower case
basis. Underlined and plain Latin indices i, j, k, l stand
for the spatial components in the upper case and lower
case bases respectively. The two time coordinates T and t
provide, in general, two distinct foliations of the space-
time, thus creating different spatial tensors, spatial met-
rics, extrinsic curvatures and so on. We denote with (N)γab
the upper case spatial metric, and γab the lower case met-
ric. The future pointing unit normal vectors Na and na
of upper case and lower case foliations are related by,
Na = W (na + va) , (1)
where we have defined the Lorentz factor W and lower
case boost vector va,
W = −(Nana) , va = 1
W
⊥baNb . (2)
Here ⊥ba is the projection operator on to the lower case
slice. Since the normal vectors have unit magnitude the
Lorentz factor and boost vector satisfy,
W =
1√
1− vivi
, W ≥ 1 > γijvivj ≡ v2 , (3)
where γij is the inverse lower case metric. Tensors or-
thogonal on every slot to Na and na are called upper
case and lower case respectively. The 3 + 1 form of the
spacetime metric gab can be written as
ds2 = (−A2 +BiBi)dT 2 + 2BidTdXi + (N)γijdXidXj
= (−α2 + βiβi)dt2 + 2βidtdxi + γijdxidxj , (4)
with standard definitions for the lapse and shift variables.
Subsequent definitions, such as that for the extrinsic cur-
vature of each foliation (N)Kab and Kab, follow the stan-
dard lines. Their explicit relationship is given in [26].
The two tensor bases are of course related by the Ja-
cobian Jµµ ≡ ∂Xµ/∂xµ, which can we represented as,
J =
(
A−1W (α− βivi) αpii + βiφii
−A−1Wvi φii
)
, (5)
where φii ≡ J ii.
The projected upper case induced metric defined
by gab = γ
c
aγ
d
b
(N)γcd is,
gij =
(N)γij = γij +W
2vivj . (6)
This object can be considered a metric on the lower case
foliation and it is called boost metric, with covariant
derivative D and connection G. The boost metric has
inverse,
(g−1)ij = γij − vivj . (7)
For more details of the formalism we direct the reader
to [26].
B. Asymptotic flatness
Physically speaking, an asymptotically flat spacetime
is characterized by the requirement that the metric
asymptotes to the Minkowski metric sufficiently fast at
large distances. A point well made in [31] is that no ab-
solute preferred definition of asymptotic flatness can be
given or expected. Rather there is an interplay between
the field equations, the physics under consideration, and
the rate at which the metric becomes flat. Therefore
several distinct precise formulations of the concept have
arisen. A key development in these definitions has been
the use of conformal compactification [32], which was
used [14, 15] in the demonstration that there is no confor-
mally flat slice of the Kerr spacetime. We instead work
with a more pedestrian definition, which is motivated and
stated in the following.
Basic notion of asymptotic flatness: Consider a glob-
ally hyperbolic spacetime foliated by a family of spacelike
Cauchy hypersurfaces ΣT and a boost-type domain Ω de-
fined as,
Ω := {R > R0, |T | < qR+ T0}, (8)
where R is a radial coordinate on that foliation, defined
in the standard way in terms of Xi, to be introduced
momentarily, and R0, q > 0 and T0 are constants. The
spacetime is said to be asymptotically flat if there exists
a preferred coordinate system Xµ = (T,X, Y, Z), which
will in general be highly nonunique, with Xi on ΣT ,
in which the metric gab satisfies the following condition
within Ω:
gαβ = ηαβ +Op(R
−1) , (9)
where ηαβ is the Minkowski metric, p > 1 and Op(R−m)
means that its ∂α partial derivatives of order n decay
3as R−m−n for all n = 0, . . . , p. Following a hint given
in [33], we note that by combining the boost theorem
of [34] with the improved Sobolev embedding of [35], the
present definition of asymptotic flatness can be propa-
gated from its natural restriction to initial data, in the
vacuum setting, inside a boost-type domain for any p ≥ 1
provided that suitable data, belonging to sufficiently high
order weighted Sobolev spaces, is given. Details can be
found in Appendix A.
Permissible coordinate changes: If we are to restrict
ourselves to the study of asymptotically flat spacetimes,
it is helpful to know which class of coordinate transfor-
mations preserves the asymptotic form of the metric. In
the following we determine the form of these coordinate
changes, which we dub permissible coordinate changes.
Intuitively, slices that we can obtain from ΣT through
a permissible coordinate change are called permissible
slices. Let us assume momentarily that there are two
coordinate systems Xα and xα in which the metric, close
to spatial infinity, takes the form (9). Then we have,
gαβ = gαβJ
α
αJ
β
β
⇒ηαβ +Op(r−1) = ηαβJα αJβ β +Op(R−1) . (10)
In order to retrieve any information about the Jacobian,
we have to know how the two error terms relate to one
another. For that we assume that the upper case coor-
dinate system can be expanded in powers of r−1 in the
following way:
Xα = Xα0(t, θ, φ)r +X
α
1(t, θ, φ) +Op+1(r
−1) , (11)
where t := x0 and θ and φ are the standard polar and
azimuthal angles associated with xα. We can then write
the upper case radial coordinate near spatial infinity as,
R2 := δijX
iXj = δijX
i
0X
j
0r
2 +Op+1(r) , (12)
which implies an equivalence of orders,
Op(r
−q) = Op(R−q) , (13)
and we can conclude from (10) that the Jacobian must
have a leading Lorentz term,
Jα α = Λ
α
α +Op(r
−1) , (14)
where Λαα is the standard Lorentz matrix. Using the
fact that Jα α := ∂αX
α, we can differentiate (11) with
respect to xα and use (14) to get four equations, one for
each derivative of Xα. The ∂iX
α equations give,
Xα0r = Λ
α
ix
i , (15)
and the ∂tX
α equation yields,
∂tX
α
1 = Λ
α
t ⇒ Xα1 = Λα tt+ cα(θ, φ) , (16)
where cα are arbitrary functions of lower case angles.
Plugging (15) and (16) in (11), we get,
Xα = Λααx
α + cα(θ, φ) +Op+1(r
−1) . (17)
We conclude that any coordinate transformation that
preserves the asymptotic form of the metric must have
this form, and this is the class that we will use throughout
this work. Note that the Poincare´ transformations are
precisely the subset of this large class with constant cα
and vanishing error terms. For completeness we write
here the explicit form of the Jacobian in our notation, as
well as that of its inverse, which will be useful throughout
this work:
J =
(
W¯ −W¯ v¯jδji
−W¯ v¯i δii + W¯
2v¯iv¯j
W¯+1
δji
)
+ ∂c(θ, φ) +Op(r
−2) ,
J−1 =
(
W¯ W¯ v¯i
W¯ v¯jδ
j
i δ
i
i +
W¯ 2v¯iv¯j
W¯+1
δji
)
+ ∂C(Θ,Φ) +Op(R
−2) ,
(18)
with W¯ = (1 − v¯iv¯i)−1/2, v¯i constant and v¯i := v¯jδij .
Now we need to check that all transformations in the
class (17) preserve the asymptotic form of the metric.
For that we assume the metric to behave like (9) and the
coordinate transformation to be of the form (17), and
compute the behavior of gαβ close to spatial infinity,
gαβ = gαβJ
α
αJ
β
β = ηαβJ
α
αJ
β
β +Op(R
−1)
= ηαβ +Op(r
−1) +Op(R−1) = ηαβ +Op(r−1) ,
where the last equality comes from (13). This concludes
the proof that the largest class of coordinate transforma-
tions that preserve the asymptotic behavior required by
our definition of asymptotic flatness (9) is given by (17).
We can then write the following result:
Proposition 1. Let (M, g) be an asymptotically flat
spacetime with preferred coordinates Xα. A coordinate
transformation is permissible if and only if it is of the
form,
Xα = Λααx
α + cα(θ, φ) +Op+1(r
−1) . (19)
It is straightforward to see that the inverse transfor-
mation takes the analogous form,
xα = (Λ−1)ααXα + Cα(θ, φ) +Op+1(R−1) , (20)
with the new quantities and O defined in the obvious
manner, and Cα = −(Λ−1)ααcα. Additionally, the an-
gular coordinates can be seen to satisfy,
Θ =
ΛZix
i
R
+Op+1(r
−1) ,
Φ =
ΛY ix
i
ΛXjxj
+Op+1(r
−1) . (21)
Note that the leading order terms in Θ and Φ depend
only on θ and φ, which is why we can define Cα in terms
of θ and φ in (20).
4The ADM 4-momentum: The ADM 4-momentum is
defined as,
PADMα := (−m,PX , PY , PZ) , (22)
where m is the ADM mass and Pi are the components
of the ADM linear momentum, given in terms of the in-
trinsic metric and extrinsic curvatures by,
PADMT =
−1
16pi
lim
R→∞
∫
SR
(∂i
(N)γij − ∂j (N)γii) dSjR , (23)
PADMi =
1
8pi
lim
R→∞
∫
SR
((N)Kij − (N)K(N)γij) dSjR . (24)
Here, SR is a coordinate 2-sphere of radius R. Our
definition of asymptotic flatness is sufficient for the
ADM four-momentum to be well defined. PADMα be-
haves as a 4-dimensional linear form under coordinate
change (17) [36]. In fact, ADM showed [37] that a
Poincare´ transformation transforms the 4-momentum ac-
cording to,
PADMα = Λα
αPADMα , (25)
where Λα
α = Λββηαβη
αβ . For an introduction of the
ADM conserved quantities at spatial infinity based on dif-
ferentiability requirements for the Hamiltonian see [38].
Here a slightly more restrictive definition of asymptotic
flatness is used.
C. Supertranslations do not affect the
transformation of the ADM 4-momentum
We work in this subsection along the lines of the discus-
sion given in [39] (Section 1.2.3). The Einstein-Hilbert
action contains second derivatives of the metric, but one
can remove a total divergence from it, leaving the ac-
tion with only first derivatives of the metric. As the
term removed is a total divergence, the field equations
are unchanged. This can be achieved by introducing a
background metric.
Let S0 be the spacelike hypersurface {T = 0} ∩ Ω,
where Ω is a boost-type domain. On S0, we define the up-
per case background metric Bab by requiring that Bαβ =
ηαβ . Note that, due to the Poincare´-invariance of the
Minkowski metric, if we took cα in (17) constant, there
would be no difference between Bab and the analogously
defined lower case background metric bab. In our case,
that difference takes the form,
Bαβ − bαβ = 2∂(α[Λαβ)cβηαβ ] +Op(R−2)
=: 2∂(αc˜β) +Op(R
−2) . (26)
We define the following tensor,
◦
g ab :=
1
16pi
√−g√−B g
ab , (27)
where g and B are the determinants of gab and Bab,
respectively. As in [39] (Section 1.2.3), given a vector
field X, the Hamiltonian generating the flow of X can be
written as,
H(X,S0) :=
∫
S0
(
pabcLX
◦
gbc −XaL)dSa
=
∫
S0
◦
∇b
◦
UabdSa ,
◦
Uab :=
◦
Uab cXc − 2◦gd[aδb]c
◦
∇dXc ,
◦
Uab c := 2(
◦
g−1)cd
◦
∇e
(◦
g d[b
◦
g a]e
)
, (28)
where
◦
∇a is the covariant derivative associated with Bab,
L is the Lagrangian and pabc is the momentum canonically
conjugate to
◦
∇◦g ab defined as,
pabc :=
∂L
∂(
◦
∇a◦g bc)
. (29)
The ADM 4-momentum on S0 is then,
PADMα := H(∂α,S0) . (30)
By Chrus´ciel’s Proposition 1.2.1 in [39], if the metric gab
satisfies our notion of asymptotic flatness (9), then the
integral H(∂α,S0) converges. Now let S be the space-
like hypersurface {t = 0} ∩ Ω which is related to S0 by
a change of coordinates of the form (17). As we have
shown that the boundary conditions are preserved un-
der (17), we immediately get convergence of the integral
H(∂α,S). In order to show that (25) is unchanged by
supertranslations, we define the following 3-dimensional
region of spacetime,
T = {R = R0, T > 0, t < 0} ∪ {R = R0, T < 0, t > 0} ,
so that its boundary ∂T consists of two 2-spheres of ra-
dius R0, S0 ∩ {R = R0} and S ∩ {R = R0} respectively,
as shown on Fig. 1. We integrate
◦
∇b
◦
Uab over T and use
Gauss’s theorem to write,∫
S∩{R=R0}
◦
UabdSab =
∫
T
◦
∇b
◦
UabdSa +
∫
S0∩{R=R0}
◦
UabdSab.
(31)
From [39] we can see that the integrand in the first term
on the right-hand side can be written as,
16pi
◦
∇b
◦
Uab =
√−B(TabXb +QabXb +Qabc
◦
∇bXc) ,
where Tab is called canonical stress and is defined as,
Tab :=
1
8pi
√−g√−B
(
Rab − 1
2
Rgab
)
, (32)
Qab is, to leading order, quadratic in
◦
∇gab and Qabc is
bilinear in
◦
∇gab and gab−Bab with bounded coefficients.
5FIG. 1. Depiction of the geometry involved in Theorem 1.
The gray-shaded surface denotes the lowercase (boosted) spa-
tial slice and the white the uppercase. To relate the asymp-
totic charges on each, the divergence law is applied on the red
surface T .
At this point we have to make the additional assumption
that the spacetime satisfies Einstein’s equations with a
stress-energy tensor decaying as O0(R
−4). This implies
that Tab decays near spatial infinity at least as,
Tαβ = O0(R−4) . (33)
This requirement is necessary because the integral on T
involves integrating over two angular coordinates, yield-
ing R0
2 in the volume element, and one time coordinate,
yielding R0 as the time interval grows with R0. Then,
as R0 →∞, the first term on the right-hand side of (31)
is, ∫
T
◦
∇b
◦
UabdSa = O0(R−10 ) , (34)
and the remaining two terms give,
lim
R0→∞
∫
S∩{R=R0}
◦
UabdSab = H(∂α,S0) . (35)
We would like the left-hand side to reduce to H(∂α,S).
For that, we have to rewrite the integrand in terms of
the following tensor,
(g
◦
−1) ab :=
1
16pi
√−b√−g gab =
√−b√−B (
◦
g−1)ab , (36)
where b is the determinant of the lower case background
metric, and replace the covariant derivative
◦
∇a with the
one associated to bab, ∇◦ a, by making use of the tensor,
Cbac :=
◦
Γb
a
c − Γ◦ b
a
c
=
1
2
(B−1)ad(∇◦ bBcd +∇◦ cBbd −∇◦ dBbc) , (37)
where
◦
Γb
a
c and Γ◦ b
a
c are Levi-Civita connections of Bab
and bab, respectively. In order to compute the ADM 4-
momentum, the vector X is chosen to be ∂α (see (30))
and the second term on the definition of
◦
U ab (28) van-
ishes, so let us write,
◦
U ab c =2
√−b√−B
[1
2
U◦
ab
c +
B
b
δ[bc g
a]e∇◦ e
b
B
+ Ceefδ[bc ga]f + Ce[bcga]e + Ce[afδb]c gef
]
. (38)
The quotient of the determinants of the background met-
rics can be computed using (26):
b
B
= 1− 2(b−1)ab∇◦ ac˜b +Op(R
−2) . (39)
We must now define the future-pointing vectors normal
to S0 and S, normalized with respect to the background
metrics. Respectively,
◦
na := −◦α∇◦ at ,
◦
α−2 := −(B−1)bc∇◦ bt∇◦ ct ,
n◦a := −∇◦ at . (40)
We must also define the outward-pointing vectors normal
to S0 ∩ {R = R0} and S ∩ {R = R0},
◦
sa :=
◦
∇aR ,
s◦a :=
◦
γba
◦
sb ,
◦
γba := δ
b
a +
◦
na
◦
nc(B
−1)bc , (41)
respectively, in order to build the integrand on the left-
hand side of (35):
◦
U ab c
◦
na
◦
sbX
c = U◦
ab
c
◦
na
◦
sbX
c
+ 2∇◦ f∇◦ dc˜e
[
gfbge[d − gfdge[b
]◦
na
◦
sbX
a] +Op−1(R−3) .
(42)
In order to understand the last non-error term in (42),
we have to perform the following simple computation,
◦
sα∇◦ δ∇◦
δ c˜β − ◦sδ∇◦ δ∇◦ αc˜β = ∇◦ δ(
◦
sα∇◦
δ c˜β)−∇◦ δ
◦
sα∇◦
δ c˜β
−∇◦ α(
◦
s δ∇◦ δ c˜β) +∇◦ α
◦
sδ∇◦
δ c˜β +Op−1(R−3) . (43)
The third term on the right-hand side of (43) is zero
to leading order because c˜a only depends on angular
coordinates (17). Note that, to this order, whether
the dependence is on lower case angles or upper case
ones is irrelevant because of (21). Also, from (41) we
have ∇◦ a
◦
sb = ∇◦ b
◦
sa, so we get,
◦
sα∇◦ δ∇◦
δ c˜β − ◦sδ∇◦ δ∇◦ αc˜β = ∇◦ δ(
◦
sα∇◦
δ c˜β) +Op−1(R−3) .
(44)
6Plugging this into (42) yields,
◦
U ab c
◦
na
◦
sbX
c = U◦
ab
c
◦
na
◦
sbX
c +
◦
nbX
b∇◦ a[
◦
sc∇◦
ac˜c]
+
◦
ncXb∇◦ a[
◦
sb∇◦
ac˜c] +Op−1(R−3) . (45)
The vector ∂α is a Killing vector with respect to the upper
case background metric Bab, so we can write,
LXBab = 2
◦
∇(a[Bb)cXc] = 0 . (46)
Naturally, we have that,
(∂T )
a = −(B−1)ab
◦
∇bT ,
(∂i)
a = (B−1)ab
◦
∇bXi , (47)
which, together with (46), gives
◦
∇aXb = 0 . (48)
Note that this result implies ∇◦ aX
b = Op−1(R−2), be-
cause the difference between the background metrics has
a fall-off (26), and this allows us to push X through the
covariant derivative in (45) while only getting higher or-
der additional terms. From (26) and (40), we can easily
see that,
◦
α = 1 +Op(R
−1) , (49)
and hence that,
∇◦ α
◦
nβ = Op−1(R−2) , (50)
Now, using (48) and (50) in the integrand (45), we find,
◦
U ab c
◦
na
◦
sbX
c = U◦
ab
cn◦as◦bX
c +∇◦ a[
◦
nbX
b◦sc∇◦
ac˜c]
+∇◦ a[
◦
ncXb
◦
sb∇◦
ac˜c] +Op−1(R−3) . (51)
In the first term on the right-hand side we have re-
placed
◦
na with n◦a because, to leading order, they are
equal (49). Moreover, we have replaced
◦
sa with s◦a be-
cause the antisymmetry of the first two indices of
◦
U ab c
guarantees that whichever component of
◦
sa that is not
orthogonal to n◦a vanishes. The last two terms are to-
tal divergences on the sphere and thus integrate to zero.
Finally, we get the result,
H(X,S) = H(X,S0) . (52)
Let us now use this in order to find how the ADM mo-
mentum transforms under (17):
PADMα : = H(∂α,S0) = H(∂α,S)
= Λα
αH(∂α,S) =: ΛααPADMα , (53)
where in the second equality we used (52) and in the
third we used the fact that Λα
α are constants while the
rest of the terms in the Jacobian are of order O(R−1), so
that they cannot contribute to the integral. This is the
result that we wanted (25) and we state it concisely in
the following theorem:
Theorem 1. Let (M, g) be an asymptotically flat space-
time and a solution of Einstein’s equations with stress-
energy tensor components decaying as O0(R
−4). Then,
any permissible coordinate change transforms the ADM
4-momentum as
PADMα = Λα
αPADMα . (54)
Discussion: The definition of asymptotic flatness at
spatial infinity given above makes no assumption about
the linear momentum, and nor should such a definition
in general. By the result on the ADM 4-momentum
above (53) however, assuming that the spacetime extends
long enough near spatial infinity, we can transform to an
asymptotic rest-frame, or just rest-frame for short, which
we define as a slice in which the linear momentum van-
ishes. If we wish, we can then refine the definition of
asymptotic flatness within this preferred slice. In view
of the boost theorem [34], we expect that given suitable
initial data, with appropriate care, our requirements on
the asymptotics, to be stated momentarily, can be prop-
agated long enough in time to apply our results. We re-
quired that Einstein’s equations are satisfied due to the
fact that PADM was defined according to the correspond-
ing action. That said, we expect that different actions
would yield similar results, but with different definitions
of the canonical stress tensor (33).
III. CONFORMAL FLATNESS OF BOOSTED
SLICES
In this section, the Cotton-York tensor of the lower
case spatial metric is computed assuming the upper case
slice to have zero ADM linear momentum and the coordi-
nate change to be given by (17). For that a stronger def-
inition of asymptotic flatness is needed, namely, assump-
tions have to be made on the first order terms in R−1
of the metric components. It turns out that a crucial
component of the Cotton-York tensor is given by the
boost vector itself. In the presence of linear momentum
this component gives the leading obstruction to confor-
mal flatness in the lower case foliation. Throughout this
section we shall be concerned with coordinate transfor-
mations of the form,
Xα = Λααx
α + cα(θ, φ) +O4(R
−1) , (55)
where we can take the error term in terms of the up-
per case radial coordinate because of the equivalence of
orders implied by (13).
7A. Strong asymptotic flatness
We call a globally hyperbolic asymptotically flat space-
time with p = 3 strongly asymptotically flat of or-
der O3(R
−2) at spatial infinity if there exist coordi-
nates Xµ = (T,X, Y, Z) defining a rest-frame in which,
in a neighborhood of spatial infinity, the spatial metric
takes the form,
(N)γij = ψ
4
(
δij + hij
)
, (56)
where hij = O3(R
−2), and we fix the ambiguity in this
decomposition by taking ψ = 1 + m2R , whilst the lapse
and shift satisfy,
A = 1− m
R
+O3(R
−2) , Bi = O3(R−2) . (57)
To highlight the differences between the notion of strong
asymptotic flatness and its weaker version given in sec-
tion II B, the former can be written in a more concise
way:
gαβ = ηαβ +
2m
R
δαβ +O3(R
−2) . (58)
Ultimately this amounts to requiring that the spacetime
is asymptotically flat with p = 3 and the coefficient of
the R−1 term is 2mδαβ . We are not aware of a gen-
eral theorem guaranteeing that such fall-off will be prop-
agated from initial data, but this definition is satisfied by
the Kerr-Newman metric, and by the Schwarzschild met-
ric with vanishing error terms, and so is not absolutely
prohibitive. It is similar in spirit but not identical to the
notion of strong asymptotic flatness employed in [40], but
we expect that we could adjust our definition to match
the conventions therein.
B. Definition of conformal flatness
It is well known that in three dimensions conformal
flatness is characterized by the vanishing of the Cotton,
or equivalently Cotton-York, tensor [1, 2]. Working in the
lower case foliation, the Cotton tensor and the Cotton-
York tensor associated with γij are given by,
Cabc := Dc
(
Rab − 14Rγab
)−Db (Rac − 14Rγac)
Cab := −1
2
acdCecdγ
eb = cd(aDcR
b)
d , (59)
respectively, where the last equality makes use of the fact
that Cab is a symmetric tensor. Here, bcd := na
abcd
and abcd is the Levi-Civita totally antisymmetric tensor
with indices raised with the metric gab. The definitions
for the upper case foliation are analogous. An important
point to make here is that if a metric is conformally flat,
then there is a coordinate system Xα in which we can
write that locally,
(N)γij = Ω
4δij . (60)
We then say that (N)γab is explicitly conformally flat in
coordinates Xα. Taking the spacetime to be strongly
asymptotically flat of order O3(R
−2), our primary as-
sumption, the upper case Cotton-York tensor is easily
seen to be at worst,
(N)Cij = O(R−5) . (61)
We call such a non vanishing Cotton-York tensor an up-
per case obstruction to conformal flatness. Any such ob-
struction must be, in some sense, generated by the trace-
less part of hij .
C. Conformal flatness and the boost metric
Let us consider a spacetime which is strongly asymp-
totically flat of order O3(R
−2). We want to show the re-
sult that the boost metric components (6) have the same
type of fall-off near spatial infinity as the upper case spa-
tial metric components in an appropriate set of spatial
coordinates. This observation will be helpful when com-
puting the lower case Cotton-York tensor. The lower case
metric can be written as,
γij =gαβJ
α
iJ
β
j
=(N)γijφ
i
iφ
j
j −W 2vivj +A−2BiBiW 2vivj
−A−1Biφi(iWvj) , (62)
where, in the second equality, we have used (5). Then
the boost metric is exactly,
gij =
(N)γijφ
i
iφ
j
j +A
−2BiBiW 2vivj −A−1Biφi(iWvj) .
(63)
Strong asymptotic flatness on our metric gab gives,
gij =
(N)γijφ
i
iφ
j
j +O3(R
−2) , (64)
which does not depend on JT i, so there must be a set of
spatial coordinates xiˆ that allows us to write
giˆjˆ = ψ
4(δiˆjˆ + hiˆjˆ) , (65)
with hiˆjˆ = O3(R
−2). Notice that having made no as-
sumption on the form of the boost, gij inherits the
asymptotic form of the upper case metric (56). In fact,
these coordinates are easily seen to be given by xiˆ = Xi,
so that the full composite transformation is given by
tˆ = t = W¯ (T + v¯iδ
i
iX
i) + Ct(Θ,Φ) +O4(R
−1) ,
xiˆ = Xi , (66)
which renders the spatial part of the Jacobian φiiˆ = δ
i
iˆ.
Note that this coordinate transformation does not give a
Lorentz transformation at leading order, and hence must
be treated carefully when evaluating asymptotic charges.
8Although the slice is boosted, the time derivative associ-
ated with these coordinates still coincides with ∂T , which
means that the solution still appears time independent at
order O(R−1) in the transformed tensor basis.
It is interesting to note also that in the static case, tak-
ing the upper case coordinates to have vanishing shift,
the error term in (64) vanishes and gab is conformally
flat whenever the upper case spatial metric is. Moreover,
Einstein’s equations were not used to reach this result,
meaning that it is fair to say that the following fact is
purely geometrical: in a static spacetime with a folia-
tion with vanishing shift in which the spatial metric is
conformally flat, the boost metric relative to that folia-
tion is conformally flat with the same conformal factor.
More generally, since the boost metric is conformally re-
lated to δiˆjˆ + hiˆjˆ , we can say that the obstruction to
conformal flatness in the boost Cotton-York tensor is at
worst O(R−5). Naturally, we recover the precise obstruc-
tion of the upper case Cotton-York tensor continuously
as v → 0. In other words in strongly asymptotically
flat spacetimes of order O3(R
−2), boost metrics have the
same obstruction to conformal flatness as the spatial met-
ric in the preferred rest-frame. On this basis one would
therefore expect that the spatial metric in such a boosted
slice would pick up an obstruction to conformal flatness
at lower order in R−1. This we examine in the following.
D. The lower case Cotton-York tensor
From (53) we can see that if we assume the upper
case slice to have zero ADM linear momentum, then
any slice that we get by changing coordinates according
to (55) has non-vanishing linear momentum if and only
if v¯i 6= 0. In the last section we saw that the boost met-
ric of Schwarzschild spacetime is conformally flat. Then,
looking at (6), we expect that γij is not. In this section
we compute the lower case Cotton-York tensor using (62)
to show that our expectations are correct for a large class
of spacetimes. We begin by assuming that our spacetime
is strongly asymptotically flat of order O3(R
−2). While
it is possible to do this computation directly, it proves
more efficient to use the conformal invariance of the Cot-
ton tensor and compute it for a metric that is conformal
to the lower case spatial metric. For that, let us ex-
pand Wvi under (55),
Wvi = A(W¯ v¯i − ∂icT ) +O3(R−2) , (67)
and plug it in to (62) to get,
γ˜ij := ψ
−4γij
= δij +
4m
R
W¯ 2v¯iv¯j + 2W¯
2v¯(i∂j)c
T
+ 2φi(i∂j)c
i +O3(R
−2) , (68)
where the second equality is obtained from equations (18)
and (67) and φii := δijφ
j
i. The Levi-Civita connection
associated with γ˜ij is,
Γ˜i
k
j =
2m
R2
W¯ (v¯iv¯js
k + v¯iv¯
ksj − v¯j v¯ksi)
+ W¯ v¯k∂i∂jc
T + φi
k∂i∂jc
i +O2(R
−3) , (69)
where φi
i := δijφij and si defined as,
si := L∂iR , L
−2 := (g−1)ij∂iR∂jR .
Here we raise and lower the indices on si and v¯i with γ
ij .
In order to compute the Ricci tensor of the confor-
mal metric, we will need to take one derivative of si.
From (12), we get,
∂isj =
1
R
(gij − sisj) +O2(R−2) , (70)
and hence,
R˜ij =∂kΓ˜i
k
j − ∂jΓ˜ikk + Γ˜iljΓ˜kkl − Γ˜ilkΓ˜jkl
=− 2m
R3
W¯ 2(12v¯[isk]v¯[jsl]δ
kl − v¯iv¯j − v¯kv¯kδij)
+O1(R
−4) . (71)
Note that, to leading order, the Ricci tensor of the con-
formal metric does not depend on supertranslations. We
can finally compute the Cotton-York tensor of the con-
formal metric using (59),
C˜ij =
30W¯ 2m
R4
skv¯l
kl(i
{
1
5
v¯j) + v¯j)[v¯ms
m]2 − sj)v¯msm
}
+O0(R
−5) , (72)
In order to obtain the lower case Cotton-York tensor from
the conformal one, we use the conformal invariance of
the Cotton tensor and verify that, to leading order, the
Cotton-York tensors must agree,
Cijk = C˜ijk ⇔ Cij = C˜ij +O(R−5) . (73)
Notice that v¯i and si cannot be parallel because, in Carte-
sian coordinates, v¯i is constant. To leading order, all
the five independent components of Cij (symmetric and
trace-free) vanish if and only if v¯ = 0 or m = 0, ex-
cept Cijsisj which is zero regardless of the values of the
constants. This implies that, if we assume our metric to
have a ‘rest-frame’ (PADMi = 0) that is close to confor-
mal flatness in the asymptotic sense of (56)-(57), no slice
with v¯i 6= 0 can be conformally flat. It is interesting to
note that this fact is purely geometrical, in the sense that
it does not assume GR to hold. It is only when we talk
about linear momentum that this ceases too be true, be-
cause its definition and transformation law (25) rely on
GR. However we do expect that similar results can be
obtained for different theories. For clarity we state this
result in the following theorem:
Theorem 2. Let (M, g) be a strongly asymptotically flat
spacetime of order O3(R
−2) at spatial infinity and a solu-
tion of Einstein’s equations with non-trivial m and stress-
energy tensor components decaying as O0(R
−4). Then,
there is no permissible slice with non-zero ADM linear
momentum which is conformally flat.
9E. The Kerr case
It is straightforward to see that the Kerr spacetime sat-
isfies the hypotheses of both Theorems 1 and 2. There-
fore there can be no conformally flat boosted slice of Kerr.
In fact it is already known [14, 15, 41] that there is no
such slice with vanishing linear momentum in Kerr ei-
ther. Presently, as a corollary of Theorem 2, we recover
the latter result in the special case that the slice is axially
symmetric. Details of the calculations of this section can
be found the Mathematica notebook that accompanies
the paper [42].
We start with Boyer-Lindquist coordinates and adjust
the radial coordinate RBL as,
RBL = ψ
2R , (74)
with ψ defined as before. Constructing Cartesian coor-
dinates in the standard way from (T,R,Θ,Φ) brings the
metric into the form (56) employed in Theorem 2. Com-
puting the Cotton-York tensor, one readily finds an ob-
struction to conformal flatness or order O(R−7) at large
radius. Therefore our aim would be to adjust the slice so
that this obstruction is somehow absorbed. We consider
only axisymmetric slices, and so make the ansatz,
t = W¯ (T + v¯iδ
i
iX
i) + Ct(0) +R
−1Ct(1) , (75)
with Ct(0) and C
t
(1) functions of Θ to be determined.
Working with axisymmetric slices means that we end up
with only a simple ODE analysis to perform. Generaliz-
ing this would instead require treating a PDE problem.
Adding higher order terms to this ansatz will not affect
the calculations to the order at which we work. Presently
we do not alter the spatial coordinates, since doing so
will only complicate the computation, and can not help
to impose conformal flatness on the adjusted spatial slice,
which is determined solely by the choice of t. By Theo-
rem 2 we must furthermore choose v¯i trivial, otherwise
there will be an obstruction to conformal flatness of or-
der O(R−4) on the adjusted slice. Computing the Cotton
tensor of the lower case spatial metric in powers of R−1
reveals that there is an obstruction to conformal flatness
at order O(R−5) unless,
Ct(0) = c1 + c2 cos
2 Θ , (76)
with c1 and c2 arbitrary real constants. There is fur-
thermore an obstruction of order O(R−6) unless c2 = 0;
in other words the supertranslation term must belong to
the Poincare´ class. Using these conditions and computing
one order further we find that there is no choice of Ct(1)
that removes the O(R−7) obstruction. In particular, we
must have,
sin Θ ∂2ΘC
t
(1) + 3 cos Θ ∂ΘC
t
(1) = 0 , (77)
but that even when this condition is satisfied there re-
mains an obstruction at the same order. Thus the Kerr
spacetime admits no axially symmetric conformally flat
spatial slice.
IV. CONCLUSIONS
Working with asymptotically flat spacetimes and using
the DF formalism we have made a number of interesting
findings. Starting from a set of coordinates in which the
metric has good asymptotic behavior and performing a
boost that preserves this fall-off of the metric near spatial
infinity, we first found that the ADM 4-momentum is
governed solely by the leading Lorentz transformation of
the boost even in the presence of supertranslation terms,
generalizing the result beyond the Poincare´ group.
We then restricted our notion of asymptotic flatness
in order to study conformal flatness of boosted frames.
The special property of our class is that there exist rest-
frames, slices with vanishing linear momentum, in which
the spatial metric is close to conformal flatness. Working
with spatial slices that can be boosted with respect to
such a rest-frame we showed that the boost metric inher-
its properties from its unprojected counterpart. Using
this fact and restricting our attention to boosted slices
with nonvanishing linear momentum, from which it fol-
lows that the ADM mass and asymptotic boost must be
nontrivial by our first result, we found that the Cotton
tensor in the boosted slice picks up an O(R−4) term.
Linear momentum therefore serves as an obstruction to
conformal flatness in these spacetimes.
Turning our attention to the Kerr spacetime we recov-
ered a special case of the result [14, 15, 41] that axisym-
metric slices in this spacetime can not be conformally flat.
More generally it is clear that even in strongly asymp-
totically flat spacetimes of order O3(R
−2), adjustment
of slices can only annihilate an obstruction to conformal
flatness if that obstruction has a very special structure.
A complete characterization of that structure is still lack-
ing, however.
From a practical point of view, for applications in
numerical relativity, our findings suggest that it may
be natural to adopt a conformally flat boost metric as
an ingredient in the construction of initial data. For
that one could employ a method similar to the standard
conformal-transverse-traceless decomposition of the con-
straints. Such a construction would then proceed in the
spirit of [19, 20]. Likewise a natural suggestion for the ex-
trinsic curvature, which still needs to be properly formal-
ized, would be to make it ‘essentially’ a Lie-derivative of
the 3-metric along the boost vector. In the case of a sin-
gle black hole, such data would reduce to a boosted slice
of Schwarzschild. Therefore we expect that data so con-
structed would contain less junk-radiation as compared
with the present moving-puncture approach. These phys-
ically motivated choices do not obviously lead to a math-
ematically simple formulation of the constraints, so we
postpone further discussion for future work.
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Appendix A: Propagation of asymptotic flatness
from initial data
It has been shown that requiring initial data for vac-
uum GR to be asymptotically flat, for some definition
of the term, gives a time development that preserves the
asymptotic fall off [34]. As our definition of asymptotic
flatness is a set of conditions on the whole of a boost re-
gion, it is interesting to check whether this definition is
a consequence of the initial data requirements of [34]. If
that is true, then we need only to impose conditions on
an initial slice that are sufficient to guarantee that they
are preserved in a boost region. Let U be any open set
in R3 and let σ be the function,
σ(R) = (1 +R2)1/2 . (A1)
The weighted Sobolev space Hkδ (U), with s ∈ N and
δ ∈ R, is the class of all functions u on U with values in
some finite dimensional vector space V , defined by the
norm:
||u||Hkδ (U) :=
k∑
j=0
||σδ+jDju||L2(U) . (A2)
The first statement of the boost theorem, as stated in
[34], is the following: Let (N)γ be a Riemannian metric
and (N)K a 2-covariant symmetric tensor field on Σt. If,
(N)γ − e ∈ Hkδ+ 12 (Σt) ,
(N)K ∈ Hk−1
δ+ 32
(Σt) , (A3)
where k > 4, δ > −2 and e is the 3-dimensional flat
metric, then there exists a metric g solution of Ein-
stein’s equations in a boost-type domain Ω, such that
g − η ∈ Hkδ (Ω) and ((N)γ, (N)K) are respectively the first
and second fundamental forms of g associated with Σt.
On Ω we now define the function:
τ(t, R) :=
t
σ(R)
, (A4)
whose level surfaces define a foliation,
Ω =
⋃
τ∈Iθ
Στ , Iθ = (−θ, θ) . (A5)
Then Lemma 2.4 in [34] states that, for each τ ∈ Iθ, the
following inclusion holds and is continuous:
Hkδ (Ω) ⊂ Hk−1δ+ 12 (Στ ,Ω) , (A6)
where the space Hkδ (Στ ,Ω) is defined by the norm,
||u||2Hk,δ(Στ ,Ω) :=
k∑
j=0
||Djtu|Στ ||Hk−jδ+j (Rn) . (A7)
(A6) then gives that, for each j 6 k,
Djt (g − η)|Στ ∈ Hk−1−jδ+ 12+j(R
n) , (A8)
where Dt is a time derivative. By definition of the
weighted Sobolev norm we know that if we take a spatial
derivative D¯, we get,
D¯iDjt (g − η)|Στ ∈ Hk−1−i−jδ+ 12+i+j(R
n) , (A9)
where i+j is the number of derivatives taken in all direc-
tions. We introduce the weighted Sobolev norms defined
by,
||u||Wk,∞δ (U) :=
k∑
j=0
ess supU (|σδ+jD¯ju|) , (A10)
||u||2
Wk,∞δ (Στ ,Ω)
:=
k∑
j=0
||Djtu|Στ ||Wk−j,∞δ+j (Rn) , (A11)
where (A11) can be written in a more convenient way as,
||u||2
Wk,∞δ (Στ ,Ω)
=
k∑
j=0
k−j∑
i=0
ess supRn(|σδ+i+jD¯iDjtu|Στ |)
=
k∑
j=0
k−j∑
i=0
||D¯iDjtu|Στ ||W 0,∞δ+i+j(Rn) .
(A12)
In [35], equation (1.9) shows the Sobolev embedding re-
sult that we need,
Hkδ+ 32
(Rn) ⊂W 0,∞δ (Rn) , (A13)
for any k > 2. Note that this result seems different from
the one in [35] because our definitions for the weighted
Sobolev norms are more in line with [34], where δ is de-
fined differently. From (A9) and (A13) we find,
D¯iDjt (g − η)|Στ ∈W 0,∞δ−1+i+j(Rn) , (A14)
with k > i+ j+ 3. Then, if we want that p derivatives in
any directions improve the fall off of the metric, we must
choose k > p+3. This, together with (A12) implies that,
g − η ∈W p,∞δ−1 (Στ ,Ω) , (A15)
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which in turn implies our definition of asymptotic flat-
ness,
gαβ = ηαβ +Op(R
−1) , (A16)
with p > 1, given that we choose δ = 2. Note that the
possible choices of k and δ that give the desired asymp-
totic conditions trivially satisfy the requirements of the
boost theorem. It is thus shown that our definition of
asymptotic flatness holds if we require our initial data to
have the asymptotic behavior of the boost theorem.
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